Based on the generalized uncertainty principle (GUP), the critical temperature and the Helmholtz free energy of Bose-Einstein condensation (BEC) in the relativistic ideal Bose gas are investigated. At the non-relativistic limit and the ultra-relativistic limit, we calculate the analytical form of the shifts of the critical temperature and the Helmholtz free energy caused by weak quantum gravitational effects. The exact numerical results of these shifts are obtained. Quantum gravity effects lift the critical temperature of BEC. By measuring the shift of the critical temperature, we can constrain the deformation parameter β0. Furthermore, at lower densities, omitting quantum gravitational effects may lead to a metastable state while at sufficiently high densities, quantum gravitational effects tend to make BEC unstable. Using the numerical methods, the stable-unstable transition temperature is found.
In the absence of a full theory of quantum gravity, effective models are useful tools to gain some experimental signatures from quantum theory of gravity. This is so-called quantum-gravity phenomenology or Planckscale phenomenology [1, 2] . Most studies focused on the gamma-ray astrophysics [3] [4] [5] [6] , fundamental particle processes [7] [8] [9] [10] , neutrino physics [11, 12] and the laser-interference of gravity waves [13] [14] [15] [16] [17] , where particles exist in the ultra-relativistic regime. It is also possible to test quantum gravity effects using cold or slow atoms, where particles exist in the non-relativistic regime [18] [19] [20] [21] . In [20] [21] [22] [23] [24] , quantum gravity effects of non-traped and harmonically trapped Bose-Einstein condensates are examined respectively using the deformed non-relativistic free-particle energy-momentum dispersion relation. Quantum gravity effects cause an explicit shift in the condensation temperature, and then ultraprecise measurements of the condensation temperature make it possible to upper-bound the deformation parameter. Therefore, BEC opens a new road to quantumgravity phenomenology.
The effective quantum gravity models used in the above are modified dispersion relations (MDR). Quantum gravity theories also predict that gravity itself leads to an effective cutoff in the ultraviolet, i.e., a minimal observable length [25, 26] . Some realizations of the minimal length from various scenarios are proposed. One of the most important models is the generalized uncertainty principle (GUP), derived from the generalized commutation relation
where
p with the Planck mass M p = c/G and the Planck length l p = G /c 3 . β 0 is a dimensionless parameter. And then, we can get the * Corresponding author. zhangxm@uestc.edu.cn † rectaflex@gmail.com familiar form of GUP
this in turn gives the minimum measurable length
In this letter, based on the generalized uncertainty principle (GUP), we are going to investigate the effects of the minimal length on Bose-Einstein condensation in the relativistic ideal Bose gas. Instead of considering thermodynamical functions of the relativistic ideal Bose gas, we focus on the BEC critical temperature and the stability of relativistic ideal Bose-Einstein condensates in the presence of quantum gravity. We will compare the exact Helmholtz free energy between ordinary particleantiparticle system and the system including quantum gravity at all number densities and all critical temperatures. It will be shown that when the critical temperature T c is low enough, the Helmholtz free energy with quantum gravity becomes lower, thus implying that the ideal Bose gas considering quantum gravity is stabler. However, when the critical temperature T c is high enough, the Helmholtz free energy with quantum gravity becomes higher. This implies that quantum gravity effects make the Bose-Einstein condensation of ideal Bose gas unstabler. Using numerical methods, we can find the stableunstable transition temperature.
We consider a gaseous system of noninteracting bosons and antibosons of mass m whose macro state is denoted by (T, V, µ), where µ is the chemical potential of bosons confined in volume V at a temperature T . When considering the effects of minimal length, in three dimensional space, the revised state density function has been derived from Eq. (1) , which is given [27] [28] [29] D(p)dp = V p 2 2π 2 3 (1 + βp 2 ) 3 dp, p ∈ (0, +∞).
This implies that, compared with the ideal gas without quantum gravity, the ideal gas in the GUP scenario has a lower probability for the particles to occupy the same quantum state. function reaches a maximum around p = 1/ √ 2β. Using the revised state density (4), the logarithm of the grand partition function for this system can be written in integrated form with relativistic dispersion relation E p = m 2 c 4 + p 2 c 2 as
3 dp ×
where β B = 1/k B T , k B is the Boltzmann constant and α ≡ −µ/k B T . All other thermodynamic functions can be derived from lnZ G . In particular, the complete number density of boson and antiboson n is
, (6) the exact Helmholtz free energy per unit volume
Since n b , nb > 0 for all p ≥ 0 and E 0 = mc 2 , the chemical potential must be bounded by | µ |≤ mc 2 . We impose the constancy of n to extract the correct BEC critical transition temperature T c . At the BEC critical temperature T c , n| p=0 = 0, | µ(T c ) |= mc 2 , we set
is the Hagedorn energy and T H = E H /k B is the Hagedorn temperature defined in [30] . Then, at the BEC critical temperature, Eq. (6) can be written in dimensionless form as
Eq. (11) gives the implicit expression for λ as a function ofñ and σ, λ = λ(ñ, σ). Furthermore, the dimensionless form of the Helmholtz free energỹ
There are different upper bounds about β 0 from different theories. A better bound is gained from simple electro-weak consideration β 0 < 10 34 . The observed masses of neutron stars (≤ 2M ) indicate that β 0 < 10 37 [31] . A relatively rough but stronger restriction is estimated in [32] . In [33] , based on the precision measurement of Lamb shift, an upper bound of β 0 is given by β 0 < 10 36 . On the other hand, the values of the boson mass m in cosmological observations vary from very heavy values of the order of 10 13 GeV to values as light as 10 −23 eV [34] . Then we have σ = 10
The size of κ tells when the BEC critical temperature enters the level where quantum gravity effects play an important role. Naturally, for m = 0, ∆ min = 0 means that κ = 0. For κ 1, from Eq. (11) and (12), we can expand the denominator of the integrand before performing integration and then acquire small corrections of the critical temperature and the Helmholtz free energy due to quantum gravity effects. When κ approaching 1, the critical temperature enters the level which is dominated by quantum gravity. Although the GUP is an effective model, we will explore some properties of this region using numerical methods. Now we consider the shift in the critical temperature. For κ 1, we address two extreme cases as follows. (i) Non-relativistic limit, i.e., λ 1. In this situation, e
where ζ(s) is the Riemann zeta function. Since λ = λ(ñ, σ), then the shift in the condensation temperature due to the quantum gravity effects is
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The shift is independent on boson mass m and is a monotonically increasing function of n 2/3 . In the 35] , ∆λ/λ ∼ 10 −58 β 0 . These results are explicitly different from results obtained in [20] , where ∆T c /T 0 c ∝ n −1/3 . In our scenario, the effects of minimal length play an important role only in the high densities or temperatures, and then thermodynamics should be corrected only in the high densities or temperatures.
(ii) Ultra-relativistic limit, i.e., λ 1. In this situation, e
Then the shift in the condensation temperature is
The shift is dependent on boson mass m and is a monotonically increasing function of n. For the mass of neutron m n = 1.6749 × 10 −27 kg and the normal nuclear density ρ = 2.7 × 10 17 kgm −3 , ∆λ/λ ∼ 10 −40 β 0 . For the upper limit of observed values, β 0 = 10 36 , the shift in the condensation temperature is 10 −4 , which is far below the current laboratory measurement accuracy, 10 −2 . In the BEC stars, this may have little effects. However, such a small shift might produce a significant impact on the structure formation in the early universe.
As functions of the dimensionless boson number density n (in units of 1/∆ 3 C ), FIG. 1 displays the behavior of the critical temperature T c (in units of mc 2 /k B ) numerically extracted from (11) for σ = 0, 0.05, 0.1, 0.5, 1. At the low densities (ñ 1), quantum gravity effects give small corrections for all σ. At the high densities (ñ 1), when σ is close to zero, the corrections are still small since κ = λσ → 0. These results are consistent with the results given by the analytical solution (14) and (17) . FIG. 2 depicts the behavior of the shift of the critical temperature for σ = 0.05, 0.1, 0.5, 1. It is easy to find that quantum gravity effects lift the critical temperature of BEC and larger β 0 leads to more obvious lift of the critical temperature. Therefore, quantum gravity effects enhance the formation of BEC, that is, at the same critical temperature, BEC can also occur even if at relatively low density.
The shift of the critical temperature ∆λ/λ is a reflection of minimal length. Although the interboson interactions will result in the shift, we still expect to measure and constrain the deformation parameter β 0 by measuring and constraining the shift of the critical temperature in the relativistic ideal Bose gas. Numerically extracted from (11), Table 1 shows the values of σ for different number densityñ and the shift of the critical temperature ∆λ/λ. For the mass of neutron m n = 1.6749 × 10 −27 kg and the normal nuclear density ρ = 2.7 × 10 17 kgm −3 ,ñ ∼ 10 −3 , ∆ C = 0.1d. From Table  1 and FIG. 2 , forñ = 10 −3 , if we constrain ∆λ/λ < 10 −2 , we have σ = √ β 0 m n /M p < 0.31. Then we can constrain β 0 < 1.6 × 10 37 , compatible with that from the observed masses of neutron stars [31] . But this is not as good as the upper bound β 0 < 10 36 from the precision measurement of Lamb shift [33] . In our scenario, higher density and smaller temperature shift will give a more stronger upper bound. It is then tempting to speculate that quantum gravity will affect the stability of BEC. For κ 1, we also address two extreme situations. At the non-relativistic limit, the Helmholtz free energỹ
wheref
> 0 is the free energy without considering quantum gravity effects at the non-relativistic limit, ∆f N R (ñ, σ) ∼ −σ 2ñ5/3 < 0 is the correct term when considering quantum gravity effects. The relative shift is ∆f /f −∆λ/λ. At the ultra-relativistic limit, the Helmholtz free energỹ
45 λ 4 ∼ −λ 4 < 0 is the free energy without considering quantum gravity effects at the ultrarelativistic limit, ∆f U R (ñ, σ) ∼ σ 2ñ3 > 0. Also, the relative shift is ∆f /f U R 0 ∼ −∆λ/λ. For a fixed σ, we rescale the number density and the Helmholtz free energy as
Then in Eq. (12), we write ∆f =f (n, σ) −f 0 , wheref 0 is the free energy without considering quantum gravity effects. FIG. 3 shows ∆f versusn for a fixed σ = 0.01. When 0 <n <n 0 ≈ 0.0028, ∆f < 0. Whenn >n 0 ≈ 0.0028, ∆f > 0. These results are consistent with previous analytical results in (19) and (20) . Note that in FIG.  3 ,f andf 0 correspond to different critical temperatures respectively for the same densityn. Since λ(ñ, σ) is a monotonous function ofñ, we rewrite ∆f =f (κ, σ) −f 0 .  FIG. 4 shows ∆f versus κ = T c /T H for a fixed σ = 0.01. There exists a stable-unstable transition temperature κ 0 . When 0 < κ < κ 0 ≈ 0.0087, ∆f < 0, quantum gravity effects lower the Helmholtz free energy and then make BEC stabler while when κ > κ 0 , ∆f > 0, quantum gravity effects lift the Helmholtz free energy and tend to make BEC unstabler. Furthermore, ∆f has a minimum around κ min ≈ 0.007. Obviously, κ 0 and κ min depend on σ. FIG. 5 depicts κ min and κ 0 versus different values of σ. In summary, we discussed the relativistic ideal Bose gas at the critical temperature of Bose-Einstein condensation by a simple effective quantum gravity model. When the critical temperature T c E H /k B , we obtained the analytic results of the shift in the critical temperature and the shift of the Helmholtz free energy due to quantum gravity at the non-relativistic limit and the ultrarelativistic limit. The exact numerical results of these shifts are given. By measuring the shift of the critical temperature, we could measure and constrain the deformation parameter β 0 accounting for quantum gravity effects. It is shown that at sufficiently low temperatures or densities, the Helmholtz free energy with quantum gravity effects is lower, thus implying that omitting quantum gravitational effects may lead to a metastable state. However, at sufficiently high temperatures or densities, the Helmholtz free energy with quantum gravity effects is higher, thus implying that quantum gravity effects tend to make the BEC unstaber. Numerical methods show that the stable-unstable transition temperature κ 0 depends on the deformation parameter β 0 and boson mass m, that is, σ = ∆ min /∆ C = β 0 m/M p . Our results are dependent on the GUP model. More refined model of quantum gravity may improve outcomes for details. It would be of importance in the future work to explore quantum gravity effects on the critical behavior of the relativistic ideal Bose gas and apply to boson compact stars and BECs in the early universe.
